On the univalence of integral operations involving meromorphic functions by Erhan Deniz & Halit Orhan
MATHEMATICAL COMMUNICATIONS 1
Math. Commun. 18(2013), 1{9
On the univalence of integral operations involving
meromorphic functions
Erhan Deniz1,and Halit Orhan2
1 Department of Mathematics, Faculty of Science and Letters, Kafkas University, Kars,
36 100, Turkey
2 Department of Mathematics, Faculty of Science, Ataturk University, Erzurum, 25 240,
Turkey
Received September 20, 2011; accepted July 7, 2012
Abstract. The main object of this paper is to give sucient conditions for integral oper-
ators H;; and G;, which are dened here by means of the meromorphic functions, to
be univalent in the open unit disk. In particular cases, we nd the corresponding simpler
conditions for these integral operators.
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1. Introduction and preliminaries
Let A be the class the functions f(z) which are analytic in the open unit disk
U = fz : jzj < 1g and f(0) = f 0(0)  1 = 0:
We show by S the subclass of A consisting of functions f 2 A which are univalent









which are analytic and univalent in the punctured unit disk
U0 = fz : 0 < jzj < 1g = U   f0g:
We denote by fP0 the class of functions G in fP such that G(z) 6= 0 for all z in U0:
Let ;  and  be any complex numbers. Let us denote by H;; the analytic
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where f and g are functions of the class S or one of its subclasses. The problem of
univalence of the function H;; in U for special cases of parameters ; ;  and
functions f and g were discussed by many authors, such as [2, 6, 7, 10, 12, 15, 17, 18,
20]. Furthermore, many authors recently (see [1, 3, 8, 9, 14, 16, 19]) have obtained
various sucient conditions for the univalence of generalized integral operators of
type (2) for f; g 2 A.
























where F 2 fP and G 2 fP0 and ; ; ;  and  are complex numbers such that
integrals (3) and (4) exist.
Remark 1. In its special cases when  = 1; the integral operator in (3) would





where ;  2 C; F 2 fP and G 2 fP0:
In our paper, we are mainly interested in some integral operators of types (3)
and (4) which involve meromorphic functions. More precisely, we would like to
show that by using some inequalities for the functions belonging to the class S;
the univalence of some integral operators which involve meromorphic functions can
be derived easily via a well-known univalence criterion. In particular, we obtain
simple sucient conditions for some integral operators which involve special cases
of parameters ; ; ;  and . We also extend and improve the aforementioned
result of Wesolowski [20]. At least in some cases, our main results are stronger than
the result obtained in [20].
In the proofs of our main results we need the following interesting univalence
criteria.




  1; z 2 U ;








; z 2 U ; (6)
is in the class S:
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Lemma 2 (See [4]). Let  and c be complex numbers such that
j   1j < 1 and jcj 6 1 (c 6=  1) :
If the function h 2 A satises the following inequality:c jzj2 + (1  jzj2) (   1) + zh00(z)h0(z)
 6 1; z 2 U ;
then the function H dened by (6) is in the class S.
We note that H1;0;(z) = H(z):
The following lemma is of fundamental importance to our investigation.
Lemma 3 (See [11]). For each function f 2S and a xed z; z 2 U ; the inequality zf(z)   1
  2 jzj+ jzj2
holds.
2. Univalence condition associated with the integral operator
(3)
Our rst main result is an application of Lemma 1 and it contains sucient condi-
tions for a general integral operator F;; of type (3).
Theorem 1. Let ;  and  with <() > 0 be any complex numbers. Also let
F 2 fP and G 2 fP0: Moreover, suppose that the following inequalities
10 jj+ 4 jj 1; for <()  1 (7)
10 jj+ 4 jj
<()  1; for 0 <<()  1
are satised. Then the function F;;(z) dened by (3) is in the class S:






h0(z) = ( z2F 0(z))(zG(z)) (9)
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It is known that ' 2 S and 0 < jzj < 1, then '(z) = 1'(z) is infP : Hence expression



















where f; g 2 S:
From a well-known transformation of Bieberbach preserving the class of univalent









; z 2 U ; k 2 S;
z0 is a xed point of the unit disk U ; we obtain the value of the functional at the
point z =  z0
 z0f 00( z0)
f 0( z0) =








where a2 is the second coecient in Maclaurin expansion of the function k:




















 =1  jzj2<()1  jzj2 1<()






where k; l 2 S:
Now, we investigate the following cases:
1. It is easy to observe that the function  : (0;1)! R; (x) = 1 a2xx (0 < a < 1)
is a decreasing function. If x = <() with <()  1; z 2 U ; a = jzj, then
1  jzj2<()
<()(1  jzj2)  1; z 2 U : (16)
In equation (15), putting inequality (16) and using the Lemma 3














 10 jj+ 4 jj
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  1; z 2 U :
2. Now we consider the function # : (0;1)! R; #(x) = 1  a2x (0 < a < 1) which
is an increasing function. Then, for 0 < <()  1 we have
1  jzj2<()
1  jzj2  1; z 2 U : (17)














2 jj ja2j jzj+ jj jzj2 + 2 jj
1  z k( z)
+ jj 1  z l( z)

10 jj+ 4 jj<()




  1; z 2 U :
Finally, by applying Lemma 1 we conclude that the function F;;(z) dened by (3)
is in the univalent function class S: This evidently completes the proof of Theorem
1.
Putting  = 1 in Theorem 1, we immediately arrive at the following application
of Theorem 1.
Corollary 1. Let F 2 fP and G 2 fP0: Also let  and  be any complex numbers.
Moreover, suppose that these numbers satisfy the following inequality
10 jj+ 4 jj  1:
Then the function F;(z) dened by (5) is in the univalent function class S:
Choosing  = 0 in Theorem 1, we obtain the following interesting consequence
of Theorem 1.
Corollary 2. Let  and  with <() > 0 be any complex numbers. Moreover,
suppose that the function G 2 fP0 and the following inequalities
jj  1
4
; for <()  1
jj  <()
4
; for 0 < <()  1
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is in the univalent function class S:
Theorem 2. Let F 2 fP and G 2 fP0. Suppose also that ;  and  are any
complex numbers and that these numbers satisfy the following inequality
j   1j+ 10 jj+ 3 jj 1: (18)
Then the function F;;(z) dened by (3) is in the class S:
































where k; l 2 S: Putting c =    1 +  in (19) and using Lemma 3 we obtain(   1 + )jzj2 + (1  jzj2) (   1) + zh00(z)h0(z)





+ jj 1  z l( z)

 j   1j+ 10 jj+ 3 jj :
Finally, by applying Lemma 2, we conclude that the function F;;(z) dened
by (3) is in the univalent function class S: This evidently completes the proof of
Theorem 2.
Remark 2. For  = 1; from Theorem 2, we see that our result is stronger than the
Wesolowski's result (12 jj+ 4 jj  1) for the same integral operator (for details,
see [20]).
3. Univalence condition associated with the integral operator
(4)
Finally, the following result contains another sucient conditions for a general inte-
gral operator G; of type (4) to be univalent in the unit disk U :
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Theorem 3. Let G 2 fP0 and ;  2 C: Moreover, suppose that these numbers
satisfy the following inequalities
16 jj  1; for <()  1; (20)
16 jj
<()  1; for 0 < <()  1:
Then the function G;(z) dened by (4) is in the univalent function class S:









First observe that, since G 2 fP0; clearly G 2 A; i.e. G(0) = G0(0)   1 = 0: On




























where g 2 S:


















1  2 jzj2+ 1  z k( z)






In the last inequality if we again apply Lemma 3 for g 2 S; we havezG00(z)G0(z)
  16 jj1  jzj2 ;
for all z 2 U :
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  1  jzj2<()1  jzj2 16 jj<()  1;
which in Lemma 1 implies that G; 2 S: This completes the proof.
Now, by choosing  = 1 in Theorem 3, we have the following result.
Corollary 3. Let G 2 fP0 and  2 C: Moreover, suppose that this number satises









is in S; i.e. it is univalent in U :
Example 1. Let us consider the function G(z) =   ln(1 z)z2 2 fP0: If we choose for











(1  z)1    1 (22)
is not a univalent function in U :
Proof. From the property of the function ew and from the fact that jarg(1  z)j < 2
it follows that the function f(z) = (1   z)1  is not univalent in U if there exists
 such that j1  j 2 >  or jj > 1: This proves that there exists a function G infP
0 such that for some ; jj > 1 the function G given by (22) is not univalent in
U :
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